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THE POLYNOMIAL IDENTITIES OF THE GRASSMANN ALGEBRA
BY

D. KRAKOWSKI AND A. REGEV

ABSTRACT. By using the theory of codimensions the T-ideal of polynomial

identities of the Grassmann (exterior) algebra is computed.

1. Introduction. An important question in P.I. algebras is to describe the
T-ideal of identities of a given P.I. algebra. The problem seems to be quite diffi-
cult and up to this point the only known cases are the identities for the commuta-
tive and nilpotent algebras. In this paper the question is answered for the case of

the Grassmann algebra using a method which seems open to generalization.

2. The codimensions of the Grassmann algebra. The Grassmann (exterior)
algebra E over any field F of characteristic #2 is generated by the sequence of
elements {1, €€, 0t } together with the identity ee.te.e = 0. Hence D =
{1} U{eil e, |1 <i, <i,<...<i_ }is a basis for E. We define the
length of a basis element 1#£a = e; e € D to be m. The following facts
are immediate:

(1) If a € D has even length then a € Z(E), the center of E.

(2) If @, b € D both have odd length, then ab = —ba.

Using (1) and (2), one proves

(3) llx, yl, 2] =0 for any x, y, z € E, where [[, ], ] is the Jacobi polynomial,
[x, yl = xy — yx.

For any choice of n elements in D, {al, ceey, an}, let 1 C{1, ..., n} denote
those indices for which a, is of odd length. Let o € §,» the symmetric group on
n elements. Then by (1) and (2) we have that a"l cee aon = (/I(U))al ceea,
where f(0) €{ +1 }.

The function [ is therefore computed as follows: since the permutations of
an ordered set are in one-to-one correspondence with the reorderings of the set,
g€ Sn determines a reordering of the n-tuple (1, 2, - .-, n) from its natural order
to (01’ ceey on)- Now consider an arbitrary subset [ C{1, .-+, 7} and 0 € S,
The reordering o on {1, ---, n} induces a reordering of the subset I and hence,
by the one-to-one correspondence, yields a permutation on I. (Note that this does
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not imply that oll) C1.) It can easily be shown that the sign of this induced per-
mutation is /,(¢). For example, if n=1{1,2, .-+, 5}, 0= (; g g ‘; ?) and I =
{1, 3, 5}, then the subset | has been reordered by o from the ordered triple
(1, 3, 5) to (5, 3, 1). This corresponds to the permutation (; g i) on I and hence
flo) = -1.

From the above we have f: 2" x S, {+1}. We shall be concerned with the
2" x n! matrix H = ({(0)) which shall be determined by ordering the 2" subsets
of {1, ..+, n} and using these as row indices, and ordering the n! permutations of
§, and using these as column indices. When dealing specifically with the mth
case we shall write H as H'™) = (/;m)(a)); Ictt, .-, mland 0 €5 .

As in (1) we shall define Vn(x) = SPF{xcrl v xg |0 € S 1 where x; € {x},
an infinite set of noncommutative indeterminates. F[x] shall denote the free ring
in {x} over F. The codimension dn of the T-ideal Q C Flx] is

vV (%)
Lemma (2.1). Let {dn§ be the codimension sequence for the T-ideal Q of the
polynomial identities of the Grassmann algebra. Then d = rank H™,

dn = dme

Proof. Let glx , .-+, x ) €V (x). By multilinearity, glx , -+, x ) is in Q
if and only if g vanishes on all the basis elements in D. Write g(xl, ceey, xn) =
zaesn T and consider the @ as unknowns. Let {a }7_., CD and
substitute

g(al,-.-,an)= Z aa, .- a, = Z aa(/g”)(a))al...ah

oesS 1 n  oe€S
n n
_ < Z a /(")(a)>a ceea .
= oll 1 n
aESn

So glx s +++, x ) is an identity if and only if 2055" OLU/E")(O) =0 for every
I C{1, .-+, n}. This yields a set of 2" linear equations in 7! unknowns
{agly s » with the 2" x n! matrix of coefficients = H™ = (f{"N0)); o € S ,

n
I1C{l,-..,n}. The dimension of the solution space of the above linear equations
is n! —rankp H) and this is also the dimension of on Vn(x). Now dim Vn(x) =
n!, hence dn =n! - dimF(Q ) Vn(x)) =n!—-(n! - rank ; H™) = rank H™), Q.E.D.

We define some notations to be used in this section:

1 AP
(i19""in)= . 2 n ES-
ll 12...ln n

For o0 =(i -+, in) €S, (g, 7 + 1) shall indicate the permutation (il, cee,
n+1)€s

n’

a+15 similarly for 0 € S| we define (o, n,n + 1) €S, ,4r o=

(il, e, ij_ N z'j”, ceey, in) € Sn, then we indicate the replacement of n by
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n+las ol n+ D=0}, L_pn+ i, i ) (this is not, as it stands,
a permutation). Thus, if o € Sn, then (6lnn + 1),n) € Sn+1 exchanges the
positions of » and n + 1 in (0, 7 + 1).

Instead of working with H™) we define, by induction, a sequence of 271y
2"~ ! submatrices M(®) of H™) by choosing and ordering a subset of 2"~ ! per-

mutations of Sn and 2"~ ! subsets of {1, ...,n}. This is done as follows: Begin

with

(D

M -
{14 1

and assume that M) has been defined with columns indexed by o) e S",]' =
1,2,--+,2" !, and rows indexed by I.C {1, --+,n}, j=1,2, =+, 2"}, The

. . . +
2" permutations indexing the columns of MP*D) are

® 0®, n+ 1) for 1 <k< 2n=1
k) = -1

@* 2" na 1), n) for 271 <k <2m,
For the 2" row indices we have

I, for 1< k<2™ 1,

Te= i ney YUln+ 11 for 2771 <p <om
k-2 =

(it follows easily by induction that J, is a row index if and only if 1 € ]k)’ Thus,
for example, we obtain M3) from M(2):

(1,2) | @,1)
M@ -1y 1 1
{1, 2} 1 -1
(1,2,3) | 2,1,3) ] (1,3,2)] (3,1,2)

{13 1 1 1 1

—-M3 - {1, 2} 1 -1 1 1

{1, 3} 1 1 1 -1

{1, 2, 3} 1 -1 -1 1

Lemma (2.2). For 1 €I C{1l,.--,nl and 0 €5,

(a) /5")(0) = /;"ﬂ)(o, n+1)= /;’J{:lu(o, n + 1).

For 1 €1C{l,-+-,n-1}and 0 €S__,

(b) /g”’l)(o) = /;"“)(0, n+1,n) =/§3¥:1+)”(0, n+ 1, n),

(& [ Do) = [ o n + 1, m) =G0 Ly lonm + 1),

}

Iufn, n*1}
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For 1 €l1C{l,-++,n—1} and ces,

(d) /;")(a) = /5’””(0(71 S n+ 1), n),

(e) fﬁzgn}(o) = /;G;nl})(a(n”, n+1,n)

Proof. The method of computing /,(0) is as follows: Let 0 = (il, cee, in) €S,
and I C {1, ..., n}. Remove from the ordered set (il, ey, in) those integers in
the complementary set {1, ---,n}~1 and consider the remaining letters as deter-
mining a reordering of their natural order. This reordering determines a permuta-
tion whose sign is then /,(0). Claims (a)—(e) now become immediate. For example,
to prove that /}" o) = /;"”)(a, n + 1) we write 0 = (i}, -+, 7 ) and note that
removing {1, -+-,n} =1 from {il, cee, in} leaves the same result as removing
{1,...,n,7+ 1} =1 from {il, RRERTE S 1}; hence the two signs are equal. Sim-

ilar arguments yield the other statements of the lemma.
Lemma (2.3). The rank of H'™ > 271,

Proof. It is sufficient to show that the rows of M) are linearly independent
for all n. The case n =1 (and n = 2) is true by inspection. Assume the result
is true for M('), 1<r<n.

We describe M?*1) by beginning with M=1) anq using two inductive steps:
Let [}, .-, Izn_2 be the row indices for M?~ 1), Then Iyeeesl
inl, -. -, 12'1_2
MP*) are

I

sn-2211V

U {n} are the row indices for M("), and hence the row indices for

17"'7 Izn_z: Il U {n},---, ,zn U{nzv 11 U{?’l-l— 1%7"'9

-2
NP fn+ 1, Iyuln n+ 1} -ov, I a2V {n, n+ 1}
-2 . -
Similarly, let 0(1), ceey o?"™ %) be the column indices for M@= D Then those

for M) are

n=2
(SR T AT ) n),

-2
eMn-15n,n-1, -, (a(zn n=-1"n)n-1)

and for M) e obtain

n-—2
6, yns 1), ooe, 027 )y s 1),

n--2
(o(l)(n— 15, n),n-1,n+1), '--’(9(2 An - 10, n-1,n+1),

n=2
6D, 1,0, -, 62 D n+ 1, ),

an=2

(o(l)(n— 1’\:”‘*‘ 1)7 n - 1, n)a "'7(0( )(71— 1A,71+ ]-), n— 1,71)-

Partitioning the index sets in this manner determines the following division
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+ . .
of M*1) into four quarters, and of two of the quarters into 8 subquarters:

- 8 <
= + iy
+ g“ +
8 o8 ~
: o -
N - +
= £ 2w =
e et
{1}
i1, 2}
A B
{1,2, ..., n=-1}
“, 72} In+1
{1, 2, n}
C *
‘1,29"‘771‘1,”}
M(n+1)= {1, n+ ”
{1,2,n+ 1}
D E
{1727""71_1,”"'1*
{1,n, n+1} e+t
{1, 2, n, n+1}
{,2, -+, n n+1} F *

——e——
v

The following facts are a restatement of Lemma (2.2):

Sublemma. (i) I"*! = m**! = M),

(i) A =D =M1,

(iii) C ==F =M~ 1),

(iv) B =1I".

(v) E =1V".
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Proof. We prove only (iv); the rest are similar. With the notations above, and
by the manner of construction of the M(")’s, II"” is the matrix determined by the
row indices 11, ey | ne2C {1, --., 7 = 1} and column indices (e'Vn - ljn),
n—-1), -, (o(zn-z)(n - I:n)n - 1). Now B is determined by the same row

indices2 and by the column indices (e Vn - I:n +1)yn=1,n), 0",
02" Ny - 1,7 + 1), 72~ 1, n). So we must show that for o € Sn and

1 g{]-? LN (e 1*9
/;")(O(n - l:n), n-1) =/§"+1)(0(n - l:n + 1,n-1,n).

But this is exactly the content of Lemma (2.2d) with o = (o{n = 1, n), n - 1).

In"’l = M(n)

Proof of the Lemma. Since , the upper half of M"**! has linearly

independent rows, by induction. Upon rowwise subtraction of the upper half of

M@*1) from the lower half we obtain (using the Sublemma) in the lower half

| o ’ A
L= G‘

lV—ZMn_1 ' *

I” 11"
M(n) - .
1r- "

By similar arguments I” = IlI” = M=1)_ Therefore by rowwise subtraction of the

Now

upper half from the lower half we obtain the matrix

" I "

0 l J ATALI § (o
By induction, M~ 1) and M®) have linearly independent rows and hence it follows
that IV® —II” = E — 3 has independent rows. Therefore L, and hence MO*D has

independent rows. Q.E.D.

3. Codimensions of ] type algebras. Let F be a field. An algebra satis-

cesy opFl aaxgl x"d will be

fying an identity of the form x; +++ x, =X
called an algebra of type ] ,.

The basic reference for this section will be [1]. The definitions and notations
to be used will be found in the first 15 lines of $1 of [1]; that is, the definitions
of Vn(x), Vit)(x), Uf:)(x). As in Definition (1.5), [1], the codimension dn of the

T-ideal Q C Flx] is

Vn(x)
0NV (x .

a’n = dimF
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Following Lemma (1.7) in [1] with Qn(x) =0 N Vn(x) replacing W(/, n) we have
Lemma (3.1).

n

n v vty o
d = Z dim,. 2 "n
“ =1 F U(t) + Q
n n

We shall denote dimy (V¥ + UR 4+ 0 )/(WR +0 ) as a*). Let 1<t <.

We shall make use of the short notation (J?t) = (xl, I RN xn) = (xl, .

t T

xl_19 xt"’l’ "‘,xn)o Let
Vn_l(g?l)zslp{xo_ ..'xan-l* {0’1,-..,0-"_1;:{1,...,[—1’ t + 1’...,'71”‘

denote the space spanned by all the (» — 1)! multilinear monomials in (ft). Let
¢ be the isomorphism induced by the correspondence YI XY, X,
Yy X4 002 ¥, x,. Then ¢(Vn- l(y)) =V, _ l(ft) and denote the image
¢(Qn_1(y)) by O, _ 1("?:)’ It is obvious that len_l(:?l) = sz‘)(x), and that

szn— l(;‘z) E Qn(x).

Theorem (3.1). Let A be an algebra of type J p with d_} its sequence of

codimensions. Then, for any n, d_<(d-1)"" L

For the proof we shall need three lemmas and the following preliminaries:
Let n be any positive integer, 1 <k <n, and let the monomial M(x) = o,
X, € szk)(x). Denote the s =7 — k + 1 indices which satisfy o, >k by

n
[tys * s, according to their order of appearance in the monomial M(x). The other

indices will be indicated by x . according to their order of appearance after o

j
so that (k = #1)’ M(x) = (x# ETTREE xlrl)(xﬂzle e xzrz) e (xusxs1 cee xsrs).
The mapping
— (x X X )
e ‘ul 11 lr1
yS—’(xu«SxSl-..xS,)

S
induces an isomorphism y: Vs(y) — Vn(x) which is an into linear transformation.

Using this notation we have the following lemma, whose proof is immediate:

Lemma (3.2). (a) M(x) € (ZI(V(S”(y)) C V:zk)(x).
) YU V) c Ul FAx).
(c) Y0 ) C Q k).

Lemma (3.3). Let A be an algebra of type | ;. Let d <n and 1<k<n-d+1.
Then a(ﬁ; =0.

(
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Proof. We show szk‘) C Ufzk) +Q_. It is sufficient to prove the result for the
monomials spanning Vilk). Let M(x) = XpXo, tt Ko € V;k)(x), and ¢ be as
above. k<n-d+1=d<n-k+1=s. Since A is of type |, it satisfies
Y1t Ya= 2‘7171 Co¥o, "o Yoy Since d <s we can multiply both sides by
Y441 *** ¥ ¢ obtaining an identity for A of the form y  ---y = 201,51 Yo Vo

S

Each term and hence the sum of the right-hand side is obviously contained in
Ufgl)(y), sothat y «--y_¢ U(Sl)(y) +0 _(y). Hence

M) = Yly, -y ) € DG + vl () < U + 0 (). QED.

Lemma (3.4). For 1<k <n,a®¥)<d

(n) = "n=-1°
Proof. By definition, d__, =dim (Vv _,6)+0, _,GV/Q, _ (). Applying
the isomorphism ¢ we obtain 4 _, = dimF(Vn__l(fk) +Q _ l(fk))/Qn_l(xk).
Multiplication on the left by x, -induces an isomorphism of V _,(x,) onto

V;k)(x) sending Q__,(¥,) onto x,0 _,(¥,). Hence

Vv _&)+x0 (F)

d = dim
-1 F -~
" 2,0, 1(%)
Vizk)(x) +Q (%) szk) + URNx) + 0 (%)
> dimp ———————— > dimg z : - agk;. Q.E.D.
0 (x) Uik)(x) +0Q (x) "

Proof of the Theorem. If » <d — 1 we are finished, for in this case d_<n!
<(@-1)"""'. Assume n >d and induct: d,_; < (d - 1)"~%. By the lemmas above

n L3
- (k) _ (k) -1
d =2 ay= Y am<d-Dd _,<d-D""". QE.D.
k:l k:n—d+2
Corollary. Let {dn} be the codimension sequence for the Grassmann algebra

E. Then d = -1

Proof. Since E satisfies [[x, yl, z], E isa ] type algebra and hence
d, <2 !, Using Lemmas (2.1) and (2.3) we conclude that d > 2"~ ! and hence
d_ =21,

n

4. Applications. It is well known that the existence of a polynomial identity
implies the existence of a homogeneous, multilinear identity [2]. By the multi-
linear part of a T-ideal we shall mean the vector space of all multilinear identi-
ties in the ideal. For a polynomial f € Flx] we shall denote the T-ideal gener-
ated by [ as T(f).

The following lemma is known but its proof is difficult to extract from the

literature and so we include it here.
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Lemma (4.1). Let F have characteristic 0, and P, Q C Flx] be two T-ideals

whose multilinear parts are the same. Then P = Q,

Proof. Let M(P) be the multilinear part of P. So M(P)=M(Q). Let
hlx s eees xn) € Flx] have degree of x,=d, and t, = maxi{d }. We assume [ € P
and show f € Q. Let t=t, and consider At={b € P| zbgz}. For any b € Az
define the sequence r(h) = (rl, ceey, rt) where ri= the number of variables of
degree j in h.

The t-tuples thus defined are completely ordered by the right lexicographic
order. We shall show [ € O by applying t-tuple induction.

Write [ = EV {, as a sum of homogeneous polynomials in every variable, and
since F is an infinite field, each f, € P. We shall show that { € Q and hence
we may assume that f itself is homogeneous.

Assume that x has degree ¢ in f. If ¢t =1 [ is already multilinear, hence in
Q. So t>1 and we may assume that x, has degree . In the multilinearization

process one defines [2, p. 224]

g(u: Uy Xgs 0 xn)

=flu+v, xz,---,xn)—/(u, xz,-u,xn)—/(v, xz,-u,xn)-

Hence g € T(f). But glu, u, x, -+ -, x,)= 2271 - 1)/ (g, Xy tres xn) and since
char F£0 and ¢t > 1, 202”1 1) £ 0 and so / € T(g). Hence T(f) = T(g).
If f— ()=, weeyr,) then g —r(g) = (s, .-+, s) with s, <r. Now g € P,
g is lexicographically comparable and precedes f in the order, hence by the k-
tuple induction, g € Q and so f € Q. Q.E.D.

Let P denote the T-ideal of identities of the Grassmann algebra E, and Q =

T(x, y], zD.

Theorem (4.1). For the Grassmann algebra E over a field F of characteristic
£2 the codimensions of P = the codimensions of T([[x, yl,z]) =0, and P =0.

Proof. Since E satisfies the identity [[x, y], z] we have that QO CP. Hence
Pn(x) =PnN Vn(x) 20N Vn(x) = Qn(x) = dimF(Vn/Qn) > dimF(Vn/Pn),

and these are the codimensions. Hence, by Lemmas (2.1), (2.3) and the corollary
to Theorem (3.1),
27~ > dimg (v /Q ) > dimp(V /P ) > 2n=1
dimp P = dimp Q_=n!-2""1,
Now P, 2Q =P _=0 . Q.E.D.

Corollary. If char F =0 then P = Q.
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Proof. O ~and P_ are just the multilinear homogeneous polynomials in
variables in P and Q. Since these are T-ideals M(P) = M(Q) and so by Lemma
(4.1),P =0Q. Q.E.D.

Let T =([[---[[x 0 xz], x3] e, xn]) be the T-ideal generated by the gener-
alized Jacobi polynomial. Let F[x]/T be the universal algebra for this identity

and {Cn} be its sequence of codimensions. Then we conjecture that, as in Theorem
(3.1), ¢, = d- 1) (d=1)"—9*1,
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